Abstract. We study log canonical thresholds (also called global log canonical threshold or α-invariant) of R-linear systems. We prove existence of positive lower bounds in different settings, in particular, proving a conjecture of Ambro. We then show that the BorisovAlexeev-Borisov conjecture holds, that is, given a natural number d and a positive real number ǫ, the set of Fano varieties of dimension d with ǫ-log canonical singularities forms a bounded family. This implies that birational automorphism groups of rationally connected varieties are Jordan which in particular answers a question of Serre. Next we show that if the log canonical threshold of the anti-canonical system of a Fano variety is at most one, then it is computed by some divisor, answering a question of Tian in this case.
Introduction
We work over an algebraically closed field of characteristic zero unless stated otherwise.
Boundedness of singular Fano varieties.
A normal projective variety X is Fano if −K X is ample and if X has log canonical singularities. Fano varieties are among the most extensively studied varieties because of their rich geometry. They are of great importance from the point of view of birational geometry, differential geometry, arithmetic geometry, derived categories, mirror symmetry, etc.
Given a smooth projective variety W with K W not pseudo-effective, the minimal model program produces a birational model Y of W together with a Mori fibre space structure Y → Z [5] . A general fibre of Y → Z is a Fano variety X with terminal singularities. Thus it is no surprise that Fano varieties constitute a fundamental class in birational geometry. It is important to understand them individually and also collectively in families.
In dimension one, there is only one Fano variety which is P 1 . In dimension two, there are many, in fact, infinitely many families. To get a better picture one needs to impose a bound on the singularities. For example, it is a classical result that the smooth Fano surfaces form a bounded family. More generally, the Fano surfaces with ǫ-log canonical (ǫ-lc) singularities form a bounded family [1] , for any fixed ǫ > 0 (see 2.2 for definition of singularities). The smaller is ǫ the larger is the family.
In any given dimension, there is a bounded family of smooth Fano varieties [22] . This is proved using geometry of rational curves. Unfortunately, this method does not work when one allows singularities. On the other hand, toric Fano varieties of given dimension with ǫ-lc singularities also form a bounded family [7] , for fixed ǫ > 0. In this case, the method of proof is based on combinatorics.
The results mentioned above led Alexeev [1] and the Borisov brothers [7] to conjecture that, in any given dimension, Fano varieties with ǫ-lc singularities form a bounded family, for fixed ǫ > 0. A generalised form of this statement, which is referred to as the BorisovAlexeev-Borisov or the BAB conjecture, is our first result. Theorem 1.1. Let d be a natural number and ǫ a positive real number. Then the projective varieties X such that
• (X, B) is ǫ-lc of dimension d for some boundary B, and • −(K X + B) is nef and big, form a bounded family.
The theorem would not hold if one takes ǫ = 0: it already fails in dimension two, and in dimension three it fails even if we replace bounded by birationally bounded [25] .
In addition to the results mentioned earlier, there are few other partial cases of the theorem in the literature. Boundedness was known for: Fano 3-folds with terminal singularities and Picard number one [18] , Fano 3-folds with canonical singularities [23] , Fano 3-folds with fixed Cartier index of K X [6] , and more generally, Fano varieties of given dimension with fixed Cartier index of K X [11] ; in a given dimension, the Fano varieties X equipped with a boundary ∆ such that K X + ∆ ≡ 0, (X, ∆) is ǫ-lc, and such that the coefficients of ∆ belong to a DCC set [11] , or more generally when the coefficients of ∆ are bounded from below away from zero [3] , form a bounded family. Corollary 1.2. Let d be a natural number and ǫ a positive real number. Then the projective varieties X such that
• (X, ∆) is ǫ-lc of dimension d for some boundary ∆, and
• K X + ∆ ∼ R 0 and ∆ is big, form a bounded family.
It is easy to see that this is equivalent to Theorem 1.1. The corollary was previously known when the coefficients of ∆ are in a fixed DCC set [13] or when the coefficients are bounded from below away from zero [3] .
Jordan property of Cremona groups. Another consequence of Theorem 1.1 is the following uniform Jordan property of birational automorphism groups of rationally connected varieties. Corollary 1.3. Let k be a field of characteristic zero (not necessarily algebraically closed). Let d be a natural number. Then there is a natural number h depending only on d satisfying the following. Let X be a rationally connected variety of dimension d over k. Then for any finite subgroup G of the birational automorphism group Bir(X), there is a normal abelian subgroup H of G of index at most h. In particular, Bir(X) is Jordan.
If we take X = P d k in the corollary, then we deduce that the Cremona group Cr d (k) := Bir(P d k ) is Jordan, answering a question of Serre [29, 6.1] . The corollary follows immediately from Theorem 1.1 and Prokhorov-Shramov [28, Theorem 1.8] .
Lc thresholds of R-linear systems. Let (X, B) be a pair. The lc threshold of an R-Cartier R-divisor L ≥ 0 with respect to (X, B) is defined as lct(X, B, L) := sup{t | (X, B + tL) is lc}. Now let A be an R-Cartier R-divisor. The R-linear system of A is
We then define the lc threshold of |A| R with respect to (X, B) (also called global lc threshold or α-invariant) as lct(X, B, |A| R ) := inf{lct(X, B, L) | L ∈ |A| R } which coincides with sup{t | (X, B + tL) is lc for every L ∈ |A| R }.
One can similarly define the lc threshold of |A| and |A| Q but we will not need them.
Due to connections with the notion of stability and existence of Kähler-Einstein metrics, lc thresholds of R-linear systems have attracted a lot of attention, particularly, when A is ample. An important special case is when X is Fano and A = −K X .
Lc thresholds of anti-log canonical systems of Fano pairs. We were led to lc thresholds of Fano varieties for a quite different reason. The paper [3] reduces Theorem 1.1 to existence of a positive lower bound for lc thresholds of anti-canonical systems of certain Fano varieties which is guaranteed by our next result. Then lct(X, B, |A| R ) ≥ t.
Although one can derive the theorem from 1.1 but we actually do the opposite, that is, we will use the theorem to prove 1.1 (see 2.15 below). The theorem was conjectured by Ambro [2] who proved it in the toric case. Jiang [15] [14] proved it in dimension two. It is worth mentioning that they both try to relate lc thresholds to boundedness of Fano's but our approach is entirely different.
The lc threshold of an R-linear system |A| R is defined as an infimum of usual lc thresholds. Tian [30, Question 1] asked whether the infimum is a minimum when A = −K X and X is Fano. The question was reformulated and generalised to log Fano's in [8, Conjecture 1.12] . The next result gives a positive answer when the lc threshold is at most 1. Theorem 1.5. Let (X, B) be a projective klt pair such that A := −(K X + B) is nef and big. Assume that lct(X, B, |A| R ) ≤ 1. Then there is 0 ≤ D ∼ R A such that lct(X, B, |A| R ) = lct(X, B, D).
Moreover, if B is a Q-boundary, then we can choose D ∼ Q A, hence in particular, the lc threshold is a rational number.
The theorem is not used in the rest of the paper, and its proof in the case lct(X, B, |A| R ) < 1 does not rely on the other results of this paper. Note that the lc threshold of most Fano pairs (X, B) satisfies lct(X, B, |A| R ) ≤ 1. Ivan Cheltsov informed us that Shokurov has an unpublished proof of the theorem in dimension two.
Lc thresholds of R-linear systems with bounded degree. Next we treat lc thresholds associated with divisors on varieties, in a general setting. To obtain any useful result, one needs to impose certain boundedness conditions on the invariants of the divisor and the variety. Theorem 1.6. Let d, r be natural numbers and ǫ a positive real number. Then there is a positive real number t depending only on d, r, ǫ satisfying the following. Assume
• (X, B) is a projective ǫ-lc pair of dimension d, • A is a very ample divisor on X with A d ≤ r, • A − B is ample, and
This is one of the main ingredients of the proof of Theorem 1.4 but it is also interesting on its own. We explain briefly some of the assumptions of the theorem. The condition A d ≤ r means that X belongs to a bounded family of varieties, actually, if we choose A general in its linear system, then (X, A) belongs to a bounded family of pairs. We can use the divisor A to measure how "large" other divisors are on X. Indeed, the ampleness of A − B and the condition |A − M | R = ∅, roughly speaking, say that the "degree" of B and M are bounded from above, that is,
Without such boundedness assumptions, one would not find a positive lower bound for the lc threshold. For example, if X = P d , then one can easily find M with arbitrarily small lc threshold if degree of M is allowed to be large enough. The bound on the degree of B is much more subtle.
Complements near a divisor. We prove boundedness of certain "complements" near a divisorial lc centre on a projective pair. Such complements are in a sense local but they are somehow controlled globally. Theorem 1.7. Let d be a natural number and R ⊂ [0, 1] a finite set of rational numbers. Then there is a natural number n divisible by I(R) and depending only on d, R satisfying the following. Assume
• (X, B) is a projective lc pair of dimension d,
• the coefficients of B are in R,
• M is a semi-ample Cartier divisor on X with M | S ∼ 0, and
Then there is a divisor
such that (X, B + := B + 1 n G) is lc near S. This is a key ingredient of the proof of Theorem 1.6. The number I = I(R) is the smallest natural number such that Ir ∈ Z for every r ∈ R. Since M is semi-ample, it defines a contraction X → Z which maps S to a point z. The proof of the theorem shows that K X + B + is actually an n-complement of K X + B over a neighbourhood of z.
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Preliminaries
All the varieties in this paper are defined over an algebraically closed field k of characteristic zero unless stated otherwise.
Divisors. Let X be a normal variety and D
Let X, Y be normal varieties projective over some base Z, and φ : X Y a birational map/Z whose inverse does not contract any divisor. Let D be an R-Cartier R-divisor on X. We usually denote φ * D as D Y . Now assume D Y is also R-Cartier. We say φ is D-negative if there is a common resolution g : W → X and h : W → Y such that E := g * D − h * D Y is effective and exceptional/Y , and Supp g * E contains all the exceptional divisors of φ.
Let X be a normal projective variety of dimension d and let A, D be R-Cartier R-divisors. We define the degree of D with respect to A to be the intersection number deg The volume of an R-divisor D on a normal projective variety X of dimension d is defined as
Pairs and singularities.
A sub-pair (X, B) consists of a normal quasi-projective variety X and an R-divisor B with coefficients in (−∞, 1] such that K X + B is R-Cartier.
If B ≥ 0, we call B a boundary and call (X, B) a pair.
Let φ : W → X be a log resolution of a sub-pair (X, B). Let K W + B W be the pulback of K X + B. The log discrepancy of a prime divisor D on W with respect to (X, B) is defined as a(D, X, B) := 1 − µ D B W . We say (X, B) is sub-lc (resp. sub-klt)(resp. sub-ǫ-lc) if a(D, X, B) is ≥ 0 (resp. > 0)(resp. ≥ ǫ) for every D. This means every coefficient of B W is ≤ 1 (resp. < 1)(resp. ≤ 1 − ǫ). If (X, B) is a pair, we remove the sub and just say it is lc (resp. klt)(resp. ǫ-lc). Note that necessarily ǫ ≤ 1.
Let (X, B) be a pair. An lc place of (X, B) is a prime divisor D over X, that is, on birational models of X such that a(D, X, B) = 0. An lc centre is the image on X of an lc place.
A log smooth pair is a pair (X, B) where X is smooth and Supp B has simple normal crossing singularities. Assume (X, B) is log smooth and assume B = r 1 B i is reduced where B i are the irreducible components. A stratum of (X, B) is a component of i∈I B i for some I ⊆ {1, . . . , r}. Since B is reduced, a stratum is nothing but a lc centre of (X, B). Lemma 2.3. If (X, B) and (X, B ′ ) are sub-pairs and ∆ = tB
for any prime divisor D over X. In particular, if (X, B) is sub-ǫ-lc and
Proof. Let φ : W → X be a log resolution of (X, Supp B ∪ Supp B ′ ) and let
The last claim of the lemma follows from the first claim.
Fano pairs.
A pair (X, B) is called Fano (resp. weak Fano) if it is lc and −(K X + B) is ample (resp. nef and big). When B = 0 we just say X is Fano (resp. weak Fano). A variety X is Fano type if (X, B) is klt weak Fano for some B. By [5] , a Fano type variety is a Mori dream space, so we can run an MMP on any R-Cartier R-divisor on X and it terminates.
2.5. Minimal models, Mori fibre spaces, and MMP. Let X → Z be a projective morphism of normal varieties and D an R-Cartier R-divisor on X. Let Y be a normal variety projective over Z and φ : X Y /Z be a birational map whose inverse does not contract any divisor. We call Y a minimal model of D over Z if:
(1) φ is D-negative, and 2.8. Bounded families of pairs. A couple (X, S) consists of a normal projective variety X and a divisor S on X whose coefficients are all equal to 1, i.e. S is a reduced divisor. We say that a set P of couples is birationally bounded if there exist finitely many projective morphisms V i → T i of varieties and reduced divisors C i on V i such that for each (X, S) ∈ P there exist an i, a closed point t ∈ T i , and a birational isomorphism φ :
is a couple and E ≤ C i t where V i t and C i t are the fibres over t of the morphisms V i → T i and C i → T i , respectively, and E is the sum of the birational transform of S and the reduced exceptional divisor of φ. We say P is bounded if we can choose φ to be an isomorphism.
A set R of projective pairs (X, B) is said to be birationally bounded (resp. bounded) if the set of the corresponding couples (X, Supp B) is birationally bounded (resp. bounded). Note that this does not put any condition on the coefficients of B, eg we are not requiring the coefficients of B to be in a finite set. Similarly, a set Q of normal projective varieties is birationally bounded (resp. bounded), if the corresponding set of couples (X, 0) is birationally bounded (resp. bounded).
2.9. Effective birationality and birational boundedness. In the next few subsections, we recall some of the main results of [3] which are needed in this paper. 
2.12.
Complements. Let (X, B) be a projective pair. Let T = ⌊B⌋ and ∆ = B − T . An n-complement of K X + B is of the form K X + B + where
• (X, B + ) is lc, • n(K X + B + ) ∼ 0, and
In the next result, I = I(R) is the smallest natural number such that Ir ∈ Z for every r ∈ R, and
Theorem 2.13 ([3, Theorem 1.7]). Let d be a natural number and R ⊂ [0, 1] be a finite set of rational numbers. Then there exists a natural number n divisible by I(R) and depending only on d and R satisfying the following. Assume (X, B) is a projective pair such that
, that is, the coefficients of B are in Φ(R),
• X is Fano type, and
Then there is an n-complement K X + B + of K X + B such that B + ≥ B. Moreover, the complement is also an mn-complement for any m ∈ N.
2.14. From bound on lc thresholds to boundedness of varieties. The following result connects lc thresholds and boundedness of Fano varieties, and it is one of the main ingredients of the proof of Theorem 1.1.
Theorem 2.15 ([3, Proposition 7.13])
. Let d, m, v be natural numbers and let t l be a sequence of positive real numbers. Let P be the set of projective varieties X such that • X is a klt weak Fano variety of dimension d,
• for any l ∈ N and any L ∈ | − lK X |, the pair (X, t l L) is klt.
Then P is a bounded family.
Theorems 2.10, 2.11, and 2.13 show that all the assumptions of 2.15 are satisfied for X as in 1.1 (when B = 0) except the last assumption. We will use Theorem 1.4 to show that this last assumption is also satisfied.
2.16. Sequences of blowups. We discuss some elementary aspects of blowups.
(1) Let X be a smooth variety and let
be a (finite or infinite) sequence of smooth blowups, that is, each X i+1 → X i is the blowup along a smooth subvariety C i of codimension ≥ 2. If the sequence is finite, say X p → X p−1 is the last blowup, the length of the sequence is p. We denote the exceptional divisor of
(2) Let Λ be a reduced divisor such that (X, Λ) is log smooth. We say a sequence as in (1) is toroidal with respect to (X, Λ), if for each i, the centre C i is a stratum of (X i , Λ i ) where K X i + Λ i is the pullback of K X + Λ (cf. [20] ). This is equivalent to saying that the exceptional divisor of each blowup in the sequence is a lc place of (X, Λ).
Lemma 2.17. Under the above notation, assume we have a finite sequence of smooth blowups of length p, toroidal with respect to (X, Λ), and let φ : X p → X 0 = X be the induced morphism. Suppose C i ⊂ E i for each 0 < i < p. Then µ Ep φ * Λ ≥ p + 1.
Proof. If 0 ≤ i < p, then C i is contained in at least two components of Λ i because C i is an lc centre of (X i , Λ i ) of codimension ≥ 2. When i > 0, one of these components is E i , by assumption. Let φ i denote X i → X 0 . Then, by induction,
(3) Consider a sequence of blowups as above in (1) (so this is not necessarily toroidal). Let T be a prime divisor over X, that is, on birational models of X. Assume that for each i, C i is the centre of T on X i . We then call the sequence a sequence of centre blowups associated to T . By [24, Lemma 2.45], such a sequence cannot be infinite, that is, after finitely many centre blowups, T is obtained, i.e. there is p such that T is the exceptional divisor of X p → X p−1 (here we think of T birationally; if T is fixed on some model, then we should say the exceptional divisor is the birational transform of T ). In this case, we say T is obtained by the sequence of centre blowups
2.18. Analytic pairs and analytic neighbourhoods of algebraic singularities. We will use certain analytic notions which we discuss shortly. Strictly speaking we can replace these by purely algebraic constructions, eg formal varieties and formal neighbourhoods, but we prefer the analytic language as it is more straightforward. When we have an algebraic object A defined over C, eg a variety, a morphism, etc, we denote the associated analytic object by A an .
(1) An analytic pair (U, G) consists of a normal complex analytic variety U and an Rdivisor G with finitely many components and with coefficients in [0, 1] such that K U + G is R-Cartier. Analytic log discrepancies and analytically lc, klt, ǫ-lc singularities can be defined as in 2.2 whenever log resolutions exist. In this paper, we will only need analytic pairs (U, G) which are derived from algebraic pairs with U being smooth.
Two analytic pairs (U, G) and (U ′ , G ′ ) are analytically isomorphic if there is an analytic isomorphism, that is, a biholomorphic map ν :
(2) Let (X, B) be an algebraic pair over C (that is, a pair as in 2.2), let x ∈ X be a closed point, and let U be an analytic neighbourhood of x in the associated analytic variety X an . Take a log resolution φ : W → X and let V be the inverse image of U under φ an : W an → X an . Then φ an | V is an analytic log resolution of (U, B an | U ). In particular, if (U, B an | U ) is analytically ǫ-lc, then (X, B) is ǫ-lc in some algebraic neighbourhood of x. Conversely, it is clear that if (X, B) is ǫ-lc in some algebraic neighbourhood of x, then we can choose U so that (U, B an | U ) is analytically ǫ-lc.
(3) Now let (X, B) and (X ′ , B ′ ) be algebraic pairs over C, let x ∈ X and x ′ ∈ X ′ be closed points, and let U and U ′ be analytic neighbourhoods of x and x ′ , respectively. Assume that (U, B an | U ) and (U ′ , B ′an | U ′ ) are analytically isomorphic. Then (X, B) is ǫ-lc in some algebraic neighbourhood of x if and only if (X ′ , B ′ ) is ǫ-lc in some algebraic neighbourhood of x ′ . Note that it may well happen that (X, B) and (X ′ , B ′ ) are not algebraically isomorphic in any algebraic neighbourhoods of x and x ′ . For example, the two pairs (P 2 , B) and (P 2 , B ′ ) have isomorphic analytic neighbourhoods where B is an irreducible curve with a node at x but B ′ is the union of two lines intersecting at x ′ .
2.19.Étale morphisms. We look at singularities of images of a pair under a finite morphism which isétale at some point.
Lemma 2.20. Let (X, B = b j B j ) be a pair over C, π : X → Z be a finite morphism, x ∈ X a closed point, and z = π(x). Assume
• X and Z are smooth near x and z, respectively,
• π isétale at x, • Supp B does not contain any point of π −1 {z} except possibly x, and
Then (X, B) is ǫ-lc near x if and only if (Z, C) is ǫ-lc near z. More precisely, there exist analytic neighbourhoods U and V of x and z, respectively, such that π an | U induces an analytic isomorphism between (U, B an | U ) and (V, C an | V ).
Proof. There exists an analytic neighbourhood V of z such that no two points of π −1 {z} are contained in the same connected component of W , the inverse image of V . Let U be the connected component containing x. Since π isétale at x, the induced map T x → T z on tangent spaces is an isomorphism, hence by the inverse mapping theorem, we can choose V so that π an | U is an analytic isomorphism between U and V . On the other hand, since Supp B does not pass through any point in π −1 {z}, except possibly x, we can assume U is the only connected component of W intersecting Supp B. This implies that
and that π an | U induces an analytic isomorphism between the analytic pairs (U, B an | U ) and (V, C an | V ). In particular, (X, B) is ǫ-lc near x if and only if (Z, C) is ǫ-lc near z.
Note however that in the lemma, C may not even be a boundary away from z, that is, it may have components not passing through z but with coefficients larger than 1.
The next lemma is useful for showing that a morphism isétale at a point.
Lemma 2.21. Let π : X → Z be a finite morphism between varieties of dimension d, x ∈ X a closed point, and z = π(x). Assume X and Z are smooth at x and z, respectively. Assume t 1 , . . . , t d are local parameters at z and that π * t 1 , . . . , π * t d are local parameters at x. Then π isétale at x.
Proof. Let h : O z → O x be the homomorphism of local rings induced by π. Assume m and n are the maximal ideals of O z and O x , respectively. By assumption, m = t 1 , . . . , t d and n = π * t 1 , . . . , π * t d where π * t i = h(t i ). Thus the induced map m → n is surjective, hence m/m 2 → n/n 2 is surjective too. Then the dual map T x → T z on tangent spaces is injective, hence an isomorphism. Therefore, π isétale at x.
Toric varieties and toric MMP.
We will reduce Theorem 1.6 to the case when X = P d . To deal with this case we need some elementary toric geometry. All we need can be found in [9] . Let X be a (normal) Q-factorial projective toric variety. Then X is a Mori dream space, meaning we can run an MMP on any Q-divisor D which terminates with a minimal model or a Mori fibre space of D. Moreover, the MMP is toric, that is, all the contractions and varieties in the process are toric. If we have a projective toric morphism X → Z to a toric variety, then we can run an MMP on D over Z which terminates with a minimal model or a Mori fibre space of D over Z. See [9, §15.5] for proofs. Now let Λ be the sum of some of the torus-invariant divisors on a projective toric variety X, and assume (X, Λ) is log smooth. Let Y → X be a sequence of blowups toroidal with respect to (X, Λ). Then Y is also a toric variety as each blowup in the process is a blowup along an orbit closure.
Lc thresholds of anti-log canonical systems of Fano pairs
In this section, we show that Theorem 1.6 implies Theorem 1.4 assuming Theorem 1.1 in lower dimension. We also prove that Theorem 1.6 implies Theorem 1.5. First we consider a special case of Theorem 1.4. • X is a Q-factorial ǫ-lc Fano variety of dimension d, • X has Picard number one, and
Then each coefficient of L is less than or equal to v.
Thus we may replace L, hence assume L = uT . We need to show u is bounded from above. By Theorem 2.13, there is a natural number n depending only on d such that K X has an n-complement K X + Ω. Moreover, by Theorems 2.10 and 2.11, replacing n, we can assume | − nK X | defines a birational map and that vol(−K X ) is bounded from above.
Step 2. Let φ : W → X be a log resolution of (X, Ω) so that φ * (−nK X ) is linearly equivalent to the sum of a base point free divisor A W and fixed part R W of φ * (−nK X ). Let A, R be the pushdowns of A W , R W . Replacing A W with a general element of |A W | and replacing Ω, we can assume Ω = 1 n (A + R). Let Σ W be the sum of the exceptional divisors of φ and the support of A W + R W , and let Σ be its pushdown. Then
hence the left hand side volume is bounded from above. Moreover, by assumption, |A W | defines a birational map and vol(A W ) is bounded from above. Therefore, by [12 We can take an appropriate log resolution V → W of (W , Σ W ) such that (V, Λ) belongs to a bounded family Q of pairs depending only on d, ǫ, n where (V, Λ) is log smooth and Λ is the sum of the birational transform of Σ W and the exceptional divisors of V → W . Replacing W we can assume ψ : W V is a morphism and that A W is the pullback of
Step 3. There exists a positive number p depending only on d, ǫ, n, Q such that we can find a very ample divisor H ≥ 0 on V with pA V − H being big. Then
which implies the left hand side intersection number is bounded from above, hence the coefficients of ψ * φ * Ω are bounded from above depending only on d, ǫ, n, Q.
Step 4. Let B be a boundary such that (X, B) is ǫ-lc and K X + B ∼ R 0. Let
Then (V, B V ) is sub-ǫ-lc and
Similarly, (V, Ω V ) is sub-lc and
By construction, the union of Supp Ω V and the exceptional divisors of V X is contained in Supp Λ, hence Ω V ≤ Λ which implies
Step 5. We want to show the coefficients of B V are bounded from below. Assume D is a component of B V with negative coefficient. Then D is exceptional over X, hence it is a component of Λ.
is bounded from below, by Step 3. Thus deg H Γ V is bounded from below because deg H K V belongs to a fixed finite set as (V, Λ) ∈ Q, A V ≤ Λ, and pA V − H is big.
Write Γ V = I − J where I, J are effective with no common components. Since I ≤ Λ, deg H I ≤ deg H Λ which shows deg H I is bounded from above, hence deg H J is bounded from above too. Therefore, the coefficients of J are bounded from above which in turn shows the coefficient of D in Γ V is bounded from below as required. Note that this also implies the coefficients of Ω V are bounded from below.
Step 6. By the previous step, there exists α ∈ (0, 1) depending only on d, ǫ, n, Q such that
On the other hand, replacing H, we can assume H − Λ is ample. Moreover, by construction, B V ∼ R −K V ∼ R Ω V , Supp Ω V ⊆ Λ, and the coefficients of Ω V are bounded from below and above, hence we can assume H − B V is ample as well. This in turn implies
is ample too. In addition, there is a natural number r depending only on d, ǫ, n, Q such that H d ≤ r.
Step 7. Let M = ψ * φ * uT . Since Ω ≡ uT , the degree deg H M = deg H (ψ * φ * Ω) is bounded from above, by Step 3, which implies the coefficients of M are bounded from above. In particular, we may assume T is exceptional over V , otherwise u would be bounded. Thus M is exceptional over X, hence its support is inside Λ. So perhaps after replacing H we can assume H − M is ample.
On the other hand, since T is ample, φ * uT ≤ ψ * M , by the negativity lemma, hence the coefficient of the birational transform of T in ψ * M is at least u. Therefore, (V, ∆ +
Now by Theorem 1.6, there is a positive number t depending only on d, ǫ ′ , r such that (V, ∆ + tM ) is klt. Therefore, t < 
and pick L ∈ |A| R . Let s be the largest number such that (X, B + sL) is ǫ ′ -lc. It is enough to show s is bounded from below away from zero. In particular, we may assume s < 1.
Replacing X with a Q-factorialisation, we can assume X is Q-factorial. There is a prime divisor T over X, that is, on birational models of X, with log discrepancy
If T is not exceptional over X, then we let φ : Y → X be the identity morphism. But if T is exceptional over X, then we let φ : Y → X be the extremal birational contraction which extracts
is klt weak log Fano, Y is Fano type. Run an MMP on −T and let Y ′ → Z ′ be the resulting Mori fibre space. Then 
we deduce that s is bounded from below away from zero. Therefore, we can assume Z ′ is a point and that Y ′ is a Fano variety with Picard number one. Now
so by Proposition 3.1, µ T ′ (1−s)L Y ′ is bounded from above which again gives a lower bound for s as before.
Next we treat Theorem 1.5. As mentioned in the introduction, the theorem and its proof are independent of the rest of this paper when lct(X, B, |A| R ) < 1. Proof. By definition of the lc threshold, there exists a sequence of R-divisors
such that the numbers t i := lct(X, B, L i ) form a decreasing sequence with lim t i = 1.
Assume (X, B) is not exceptional, that is, assume there is 0 ≤ L ∼ R A such that (X, B + L) is not klt. Thus lct(X, B, L) ≤ 1. Since lct(X, B, |A| R ) = 1, we deduce lct(X, B, L) = 1 and that (X, B + L) is lc. If B is a Q-boundary, then using approximation, we can replace L so that 0 ≤ L ∼ Q A, so we are done in this case by taking D = L. Now assume (X, B) is exceptional, that is, for any 0 ≤ L ∼ R A the pair (X, B + L) is klt. We will derive a contradiction. By [3 Proof. Step 1. Replacing X with a Q-factorialisation, we can assume X is Q-factorial. By definition of the lc threshold, there exists a sequence of R-divisors
such that the numbers t i := lct(X, B, L i ) ∈ (0, 1) form a decreasing sequence with t := lct(X, B, |A| R ) = lim t i .
If t = t i for some i, then just put D = L i (and go to Step 5 for the Q-boundary case). So assume t = t i for every i.
Step 2. Pick H ∈ |A| R sufficiently general so that (X, B + H) is klt and (X, B + t i L i + H) is lc, for any i. Note that
Let T ′ i be a lc place of (X, B +t i L i ). If T ′ i is not exceptional over X, we let φ i : X ′ i → X to be the identity morphism, but if T ′ i is exceptional over X, we let φ i : X ′ i → X be the extremal birational contraction which extracts
Step 3. By construction, X ′ i is Fano type. Run an MMP on
). and let X ′′ i be the resulting model. Note that here we have used t rather than
) is lc, and the coefficients of T ′′ i + B ′′ i and H ′′ i belong to a fixed finite set independent of i. Thus by the ACC for lc thresholds [11] , we can assume
Now assume the MMP ends with a Mori fibre space X ′′ i → Z ′′ i , for infinitely many i.
is anti-nef over Z ′′ i . On the other hand,
is ample over Z ′′ i . This contradicts [11, Theorem 1.5] by restricting to the general fibres of X ′′ i → Z ′′ i . Thus replacing the sequence, we can assume the MMP ends with a minimal model X ′′ i , for every i.
Step 4. Since
which in turn gives an R-divisor P i ≥ 0 such that
By construction, (X, B + (1 − t)H + P i ) is not klt near the generic point of the centre of T ′ i on X. Moreover, P i ∼ R tA, and (X, B + P i ) is not klt as Supp H does not contain the centre of T i . Put D = 1 t P i . Then D ∼ R A and lct(X, B, D) ≤ t, so the inequality is actually an equality.
Step 5. Now assume B is a Q-boundary. We can assume H is a Q-divisor with only one component J and that J is not a component of P i (here we fix i). Consider the set
is a non-empty rational half space in S. So using Diophantine approximation, we can find real numbers λ j ∈ [0, 1] and Q-divisors C ′j ∈ T such that λ j = 1 and
for some rational number a i ≥ 1 − t and Q-divisor R ′ i ≥ 0. Letting R i be the pushdown of R ′ i we see that (X, B + R i ) is not klt and
which implies the inequalities are actually equalities.
An alternative argument for this step is to use the constructions of Step 4 to show that t is a rational number in which case we can take P ′′ i to be a Q-divisor, hence P i is also a Q-divisor which in turn means we can choose D to be a Q-divisor as in Step 4.
Complements in a neighbourhood of a divisorial lc centre
In this section, we prove our main result on existence of complements. It does not follow directly from [3] but the proofs in [3] work with appropriate modifications. We follow the proof of [3, Proposition 6.7] .
Proof. (of Theorem 1.7) Step 1. Assume (X, S) is plt. Let Γ := 1 1+t B + t 1+t S for some sufficiently small t > 0. Then (X, Γ) is plt, ⌊Γ⌋ = S, and
is ample. In other words,
is ample for some α ∈ (0, 1). Now continue with Step 3. Assume (X, S) is not plt. By Lemma 2.7, there is a projective birational morphism Y → X contracting a single prime divisor T such that (Y, T ) is plt, −(K Y + T ) is ample over X, and a(T, X, S) = 0. In particular, T is mapped into S, and if
Let M Y be the pullback of M . If t > 0 is sufficiently small, then
is ample. Since
is ample for some α ∈ (0, 1). Note that (Y, Γ Y ) is plt, Γ Y ≤ B Y , and ⌊Γ Y ⌋ = T .
Step 2. Assume that there exist a natural number n divisible by I(R) and a divisor
We claim that (X, B + := B + 
is ample over Z. We then get a contradiction by the connectedness principle [21, Theorem 7.14]. Now replace (X, B) with (Y, B Y ) and replace S with T .
Step 3. In view of Steps 1-2, we can assume that there is a boundary Γ ≤ B such that (X, Γ) is plt, ⌊Γ⌋ = S, and
is ample for some α ∈ (0, 1). However, M − (K X + B) may no longer be ample but it is still nef and big. 
is ample, S is Fano type. Thus as
is nef, by Theorem 2.13, there is a natural number n divisible by I(S) and depending only on d, S such that K S + B S has an n-complement K S + B Step 4. Let φ : X ′ → X be a log resolution, S ′ be the birational transform of S, and ψ : S ′ → S be the induced morphism. Put
and let K X ′ + B ′ , M ′ , N ′ be the pullbacks of K X + B, M, N , respectively. Let E ′ be the sum of the components of B ′ which have coefficient 1, and let ∆ ′ = B ′ − E ′ . Define
which is an integral divisor. Note that
We can assume B ′ − Γ ′ has sufficiently small coefficients by taking t in Step 1 to be sufficiently small.
Step 5. Let P ′ be the unique integral divisor so that
is a boundary, (X ′ , Λ ′ ) is plt, and ⌊Λ ′ ⌋ = S ′ (in particular, we are assuming Λ ′ ≥ 0). More precisely, we let µ S ′ P ′ = 0 and for each prime divisor D ′ = S ′ , we let
where (n + 1)∆ ′ is the fractional part of (n + 1)∆ ′ . This implies 0 ≤ µ D ′ P ′ ≤ 1 for any prime divisor D ′ : this is obvious if
We show P ′ is exceptional/X. Assume D ′ is a component of P ′ which is not exceptional/X and let D be its pushdown. Then
a contradiction.
Step 6. Letting A ′ = φ * A, where A is as in Step 3, we have
Since A ′ + nN ′ + (1 − α)M ′ is nef and big and (X ′ , Λ ′ ) is plt with ⌊Λ ′ ⌋ = S ′ , we have h 1 (L ′ + P ′ − S ′ ) = 0 by the Kawamata-Viehweg vanishing theorem. Thus
is surjective.
Step 7. Let R S := B + S − B S which satisfies
Letting R S ′ be the pullback of R S , we get
which gives µ C ′ G S ′ > −1 and this in turn implies µ C ′ G S ′ ≥ 0 because G S ′ is integral, a contradiction. Therefore G S ′ ≥ 0, and by Step 6, L ′ + P ′ ∼ G ′ for some effective divisor G ′ whose support does not contain S ′ and
Step 8. Let L, P, G, E, ∆ be the pushdowns to X of L ′ , P ′ , G ′ , E ′ , ∆ ′ . By the definition of L ′ , by the previous step, and by the exceptionality of P ′ , we have
Since nB is integral, ⌊(n + 1)∆⌋ = n∆, so
Let B + = B + R. It remains to show (X, B + ) is lc near S. This follows from inversion of adjunction [16] , if we show
which is equivalent to showing R| S = R S . Since
and since ⌊(n + 1)∆⌋ − n∆ = 0, we get φ * nR ′ = G = nR and that R ′ is the pullback of R.
which means R S ′ = R ′ | S ′ , hence R S and R| S both pull back to R S ′ which implies R S = R| S .
Singularities of divisors with bounded degree
In this section, we make necessary preparations for the proof of Theorem 1.6. This involves reduction to the case of projective space and eventually to the toric version of Theorem 1.1 which is well-known. Then there is a finite morphism
where H i is the hyperplane defined by t i , • π isétale over a neighbourhood of z, • Supp B contains no point of π −1 {z} except possibly x, and
Proof. Since A − S i is very ample for each i, taking general divisors D i ∈ |A − S i | we can make sure (X, In particular, since A is ample, π does not contract any curve, hence π is surjective which implies that π is a finite morphism.
Since t i pulls back to α i , the zero divisor of t i pulls back to the zero divisor of α i , that is, π * H i = R i . Thus π(R i ) = H i which in turn gives π(S i ) = H i . Moreover, since
. . , R d are smooth and intersect transversally at y. Moreover, we have a commutative diagram
The images in O z of the sections t 1 , . . . , t d is a set of local parameters at z. Similarly, since R 1 , . . . , R d are smooth and intersect transversally at y, the images in O y of the sections α 1 , . . . , α d give a set of local parameters at y. This implies π isétale at y, by Lemma 2.21, hence it isétale over some neighbourhood of z as y was chosen arbitrarily. By construction, Supp B contains no stratum of (X, d 1 R i ), except possibly x, hence it contains no point of π −1 {z}, except possibly x, because each point of π −1 {z} is a stratum of the pair mentioned.
Take a general hyperplane H on P d , let G = π * H, and consider the induced morphism σ : G → H which has the same degree as π. By induction on dimension,
Now let E be a prime divisor on X. We will do some intersection-theoretic calculations. By the projection formula [10, Proposition 2.5.(c)], we have
where the equalities are in the Chow group of d − 2-cycles and π * denotes pushforward of cycles. Assume that we have already shown π * (A i · E) = H i · π * E in the Chow group of d − i − 1-cycles, for some 1 ≤ i < d. Then again by the projection formula we have
So by induction we get π * (A d−1 · E) = H d−1 · π * E in the Chow group of 0-cycles. Lets consider the pushforward π * B j = r j C j where C j = π(B j ) and r j is the degree of the induced morphism B j → C j . By the previous paragraph, we get
which shows deg A B j = r j deg H C j by taking degree of both sides of the equality. Therefore,
5.3.
Bound on the length of blowup sequences. We prove a baby version of Theorem 1.6 before moving on to the main result of this subsection. 
Then (X, tL) is klt.
Proof. We use induction on d. Let s be the lc threshold of L with respect to (X, 0). We need to show s is bounded from below away from zero. If d = 1, then sL has at least one component with coefficient ≥ 1, hence 1 ≤ deg sL ≤ sr which implies s ≥ 1 r . So we can assume d ≥ 2.
Let T be an lc place of (X, sL). If T is not exceptional over X, then
r . Thus assume T is exceptional over X. Let C be the centre of T on X. Let H be general among the members of |A| intersecting C (if dim C > 0, then every general member of |A| intersects C). Then H is irreducible and smooth, and (X, H) is plt but (X, H + sL) is not plt near H. This implies (H, sL H ) is not klt where
Thus applying induction, there is a positive number t depending only on d, r, such that (H, tL H ) is klt. Therefore, s > t.
Unfortunately, a similar argument would not work to prove Theorem 1.6. The reason is that we do not have much control over the support of B. If (X, Supp B) belongs to some bounded family of pairs, then the above proof essentially works [3, Proposition 4.2] .
In the next key result, we bound the number of blowups in the centre blowup sequence associated to certain lc places.
Proposition 5.5. Let d, r be natural numbers and ǫ a positive real number. Then there is a natural number p depending only on d, r, ǫ satisfying the following. Assume
is log smooth where Λ ≥ 0 is reduced,
• x is a zero-dimensional stratum of (X, Λ),
• Supp B does not contain any stratum of (X, Λ) except possibly x, • T is a lc place of (X, Λ) with centre x, and • a(T, X, B) ≤ 1.
Then T can be obtained by a sequence of centre blowups, toroidal with respect to (X, Λ), of length at most p.
Proof.
Step 1. From here until the end of Step 3, we will try to relate the problem to a similar problem on the projective space P d . It is enough to prove the statement over C, by the Lefschetz principle. Removing the components of Λ not passing through x, we can assume Λ = d 1 S i where S i are the irreducible components. Since deg A Λ ≤ r, (X, Λ) belongs to a bounded family of pairs depending only on d, r. Thus replacing A with a bounded multiple and replacing r accordingly, we can assume A − S i is very ample for each i.
Write B = b j B j where B j are the distinct irreducible components. By Proposition 5.2, there is a finite morphism
mapping x to the origin z = (1 : 0 : · · · : 0) and mapping S i onto the hyperplane H i defined by t i . Moreover, π isétale over z, Supp B contains no point of π −1 {z} other than
In addition, by the proof of the proposition, π * H i coincides with S i near x.
Step 2. By Lemma 2.20, there exist analytic neighbourhoods U and V of x and z, respectively, such that π an | U induces an analytic isomorphism between the analytic pairs (U, B an | U ) and (V, C an | V ). In particular, (Z, C) is ǫ-lc near z. Let Θ := d 1 H i . Since π * H i coincides with S i near x, we also have an analytic isomorphism between (U, Λ an | U ) and (V, Θ an | V ). Moreover, each stratum of (Z, Θ) passes through z and each one is the image of a stratum of (X, Λ) passing through x. Thus Supp C does not contain any stratum of (Z, Θ), except possibly z: indeed, if Supp C contains a stratum I, then there is a stratum J of (X, Λ) passing through x which maps onto I; by the above analytic isomorphisms,
The centre of T on X, that is x, is an lc centre and a stratum of (X, Λ). Let X 1 → X 0 = X be the blowup of X along this centre. Let K X 1 + Λ 1 be the pullback of K X + Λ. Then (X 1 , Λ 1 ) is log smooth with Λ 1 reduced and containing the exceptional divisor of the blowup. Moreover, the centre of T on X 1 is an lc centre of (X 1 , Λ 1 ), hence a stratum of (X 1 , Λ 1 ). We blowup X 1 along the centre of T and so on. Thus we get a sequence Y = X l → · · · → X 0 = X of centre blowups obtaining T as the exceptional divisor of the last blowup (2.16 (3)). The sequence is toroidal with respect to (X, Λ).
Since the above sequence starts with blowing up x, and since (U, Λ an | U ) and (V, Θ an | V ) are analytically isomorphic, the sequence corresponds to a sequence of blowups
which is the sequence of centre blowups of R, the exceptional divisor of Z l → Z l−1 . The latter sequence starts with blowing up z and it is toroidal with respect to (Z, Θ), hence a(R, Z, Θ) = 0. On the other hand, since (U, B an | U ) and (V, C an | V ) are analytically isomorphic, we get a(R, Z, C) = a(T, X, B) ≤ 1. Note that we cannot simply replace X, B, Λ with Z, C, Θ because we do not know whether (Z, C) is ǫ-lc away from z.
Step 3. We claim that there is a positive real number t ∈ (0, 1 2 ) depending only on d, r such that (Z, Θ + tC) is lc away from z. Pick a closed point y ∈ Z other than z. If y is not contained in Θ, we can apply Lemma 5.4 to find t > 0 bounded from below away from zero so that (Z, tC) is klt, hence (Z, Θ + tC) is klt near y. Now assume y is contained in Θ, hence it is contained in some stratum G of (Z, Θ) of minimal dimension. Note that G is positive-dimensional and deg H ′ C| G = deg H C ≤ r where H ′ on G is the restriction of a general hyperplane H. Moreover, G is not inside Supp C, by Step 2. Applying Lemma 5.4 again, we find t > 0 bounded from below away from zero such that (G, tC| G ) is klt. Thus by inversion of adjunction, (Z, Θ + tC) is lc near y because in a neighbourhood of y we have
This proves the existence of t as claimed.
Step 4. Now let D = (1 −
If I is a stratum of (Z, Θ), then I is not inside the support of C, by Step 2, hence
is not a stratum of (Z, Θ) which means I is not an lc centre of this pair. Then
Step 3, and because a(E, Z, Θ) ≥ 1 as E is not an lc place of (Z, Θ). Therefore, we have proved (Z, D) is ǫ ′ -lc. By
Step 2,
Moreover, taking t small enough, we can assume
is ample because deg H i −(K Z + Θ) = 1 and because
Therefore, there is a boundary ∆ ≥ D so that (Z, ∆) is ǫ ′ -lc and K Z + ∆ ∼ R 0.
Step 5. Since W → Z is a sequence of blowups toroidal with respect to (Z, Θ), it is a sequence of toric blowups and W is a toric variety. Let E 1 , . . . , E l be the exceptional divisors of W → Z, with E l = R. We can run a toric MMP over Z on the divisor l−1 1 E i ending with a toric variety W ′ equipped with a birational morphism ψ : W ′ → Z. The MMP contracts all the E 1 , . . . , E l−1 , so the birational transform of R = E l is the only exceptional divisor of ψ.
Let K W ′ + ∆ W ′ be the pullback of K Z + ∆. Then ∆ W ′ is effective as a(R, Z, ∆) ≤ 1. Moreover, −K W ′ is big by construction. Now run an MMP on −K W ′ and let W ′′ be the resulting model. Again W ′′ is a toric variety, and −K W ′′ is nef and big. Moreover, since
Thus W ′′ is an ǫ ′ -lc toric weak Fano variety. Now by [7] , W ′′ belongs to a bounded family of varieties depending only on d, ǫ ′ . Therefore, there is a natural number n > 1 depending only on d, ǫ ′ such that | − nK W ′′ | is base point free, in particular, K W ′′ has an n-complement K W ′′ + Ω W ′′ which is klt. This in turn gives an n-complement
Step 6. Since nΩ is integral and deg H i Ω = d + 1, the pair (Z, Supp(Ω + Θ)) belongs to a bounded family of pairs depending only on d, n. Therefore, there is a number u depending only on d, n such that (Z, Ω + uΘ) is klt. Since Ω W ′ ≥ 0, we deduce that the coefficient of the birational transform of R in ψ * Θ is at most 
• T is a lc place of (X, Λ) with centre the closure of x, and • a(T, X, B) ≤ 1.
Then for any resolution ν : U → X so that T is a divisor on U , we have µ T ν * L ≤ q.
Step 1. Assume x is not a closed point and let C be its closure. Take a general H ∈ |A|, and let B H = B| H , A H = A| H , Λ H = Λ| H , and L H = L| H . Take a resolution ν : U → X on which T is a divisor and let G = ν * H. Then (H, Λ H ) is lc near the generic point of each component of H ∩ C, and each component S of G ∩ T is an lc place of (H, Λ H ) with a(S, H, B H ) ≤ 1. So by induction, the coefficient of S in ν * L| G is bounded from above which implies the coefficient of T in ν * L is bounded from above too. Thus from now on we can assume x is a closed point.
Step 2. Replace A with a general member of |A|. Since nΛ is integral and deg A Λ < A d ≤ r, the pair (X, Supp(Λ + A)) belongs to a bounded family of pairs P depending only on d, r, n. Thus there exist a log resolution φ : W → X of (X, Λ) and a very ample divisor A W ≥ 0 so that if Θ W is the sum of the exceptional divisors of φ and the support of the birational transform of Λ, then (W, Θ W + A W ) belongs to a bounded family Q of pairs depending only on d, r, n, P.
Let K W + Λ W be the pullback of K X + Λ. Since (X, Λ) is lc near x, Λ W ≤ Θ W over some neighbourhood of x, hence 0 = a(T, X, Λ) = a(T, W, Λ W ) ≥ a(T, W, Θ W ) ≥ 0 which shows that T is a lc place of (W, Θ W ). Moreover, if C is the centre of T on W and if w is its generic point, then Λ W = Θ W near w.
Step 3. Let K W + B W be the pullback of K X + B. Then the coefficients of B W are bounded from below: this follows from writing K W + J W = φ * K X , noting that J W ≤ B W , and arguing that the coefficients of J W are bounded from below by our choice of φ. Thus there is α ∈ (0, 1) depending only on P, Q such that 
is ample too. Now after replacing ǫ with δ, replacing P with Q, and replacing r appropriately, we can replace X, B, A, L, Λ, x with W, ∆ W , A W , L W , Θ W , w, respectively. In particular, (X, Λ) is log smooth with Λ reduced. Note that we can assume x is still a closed point, by Step 1.
Step 4. All the assumptions of Proposition 5.5 are satisfied in our setting except that Supp B may contain some strata of (X, Λ) apart from x. We will modify B so that this assumption on support of B is also satisfied. Since we are assuming Theorem 1.6 in dimension ≤ d − 1, by taking hyperplane sections, we find a positive number t depending only on d, r, ǫ such that (X, B + 2tB) is klt outside finitely many closed points. In particular, (X, B + tB) is ǫ 2 -lc outside these finitely many closed points because
Let ψ : V → X be a log resolution of (X, B) on which T is a divisor. Define a boundary
where E i are the exceptional divisors of ψ other than T , a = a(T, X, B), and ∼ denotes birational transform. Let a i = a(E i , X, B). Since (X, B) is ǫ-lc and since µ T Γ V = 1 − a, we have
where F := (a i − ǫ 4 )E i is effective and exceptional over X and its support does not contain T . On the other hand, if a ′ = a(T, X, B + tB) and a ′ i = a(E i , X, B + tB), then we can write
T is exceptional over X. Moreover, if the image of E i on X is positive-dimensional for some i, then E i is a component of G with positive coefficient because (X, B + tB) is ǫ 2 -lc outside finitely many closed points.
Step 5. By construction, (V, Γ V ) is klt. Run an MMP on K V + Γ V over X, let Y be the resulting model, and π : Y → X the corresponding morphism. Since K V + Γ V ≡ G/X and G is exceptional/X, the MMP contracts every component of G with positive coefficient, by the negativity lemma. Thus π is an isomorphism over the complement of finitely many closed points, by the last sentence of the previous step. Moreover, since
and since T is not a component of tB ∼ + F , T is not contracted by the MMP. Let A Y be the pullback of A. By boundedness of the length of extremal rays [17] and by the base point free theorem, K Y + Γ Y + 3dA Y is nef and big and semi-ample, globally. Pick a general
with coefficients ≤ 1 − ǫ. Since
Thus we can write
Step 6. Now write
where R Y is exceptional over X. We then have
Since π is an isomorphism over the complement of finitely many closed points, Supp D does not contain any positive-dimensional stratum of (X, Λ). On the other hand, since
and since A − B is ample, there is a natural number m depending only on d, r, t such that mA − D is ample.
Step 7. Replacing B with D, and then replacing A with mA and replacing r accordingly, we can assume that Supp B does not contain any positive-dimensional stratum of (X, Λ). Assume Supp B contains a zero-dimensional stratum y = x. Let X ′ → X be the blowup of X at y and E ′ the exceptional divisor. Let
Thus there is β ∈ (0, 1) depending only on d such that
Let Λ ′ be the birational transform of Λ and let ǫ ′ = ǫβ. Now replacing X, B, Λ, L, ǫ with X ′ , B ′ , Λ ′ , L ′ , ǫ ′ , and replacing A and r appropriately, we can remove one of the zerodimensional strata of (X, Λ) contained in Supp B. Repeating this process a bounded number of times, we get to the situation in which Supp B does not contain any stratum of (X, Λ) other than x. Applying Proposition 5.5, there is a natural number p depending only on d, r, ǫ such that T can be obtained by a sequence of centre blowups
toroidal with respect to (X, Λ), and of length l ≤ p. Arguing similar to the last paragraph, we can replace X with X 1 , hence drop the length of the sequence by 1. If the centre of T is still a closed point, we repeat the process. If not, we use Step 1. Therefore, eventually we find a natural number q depending only on d, r, ǫ, p such that µ T ν * L ≤ q. Thus µ T ν * L ≤ q if we replace ν with any other resolution on which T is a divisor.
5.8. Construction of Λ. We want to apply Proposition 5.7 to prove Theorem 1.6. The proposition assumes existence of an extra divisor Λ which helps to eventually reduce the problem to the case of toric varieties via 5.5. Next, we will use complements to get the required divisor Λ. 
• a(T, X, B + tL) = ǫ ′ for some prime divisor T over X, and • the centre of T on X is a closed point x.
Then there is a Q-divisor Λ ≥ 0 such that
• (X, Λ) is lc near x, and • T is a lc place of (X, Λ).
Step 1. By ACC for lc thresholds [11] , there is ǫ ′ ∈ (0, ǫ) depending only on d so that if (Y, (1 − ǫ ′ )S) is a Q-factorial klt pair of dimension d where S is reduced, then (Y, S) is lc. Cutting by general elements of |A| and applying Theorem 1.6 in lower dimension, we find a positive number v depending only on d, r, ǫ ′ such that (X, B + tL + 2v(B + tL))
is klt outside finitely many closed points. Thus
2 -lc except outside finitely many closed points as (X, B + tL) is ǫ ′ -lc.
Step 2. Let ψ : W → X be a log resolution of (X, B + tL) so that T is a divisor on W . Define a boundary
where E i are the exceptional divisors of ψ other than T , and ∼ denotes birational transform.
Let c i = a(E i , X, B + tL). Since (X, B + tL) is ǫ ′ -lc and since µ T Γ W = 1 − ǫ ′ , we have
4 )E i is effective and exceptional over X and its support does not contain T . On the other hand, letting
and recalling that (X, (1 + v)(B + tL)) is ǫ ′ 2 -lc outside finitely many closed points, we can write
T is exceptional over X and if the image of E i on X is positive-dimensional for some i, then E i is a component of G with positive coefficient.
Step 3. By construction, (W, Γ W ) is klt. Run an MMP on K W + Γ W over X and let Y ′ be the resulting model. Since K W + Γ W ≡ G/X, by the negativity lemma, the MMP contracts any component of G with positive coefficient, hence Y ′ → X is an isomorphism over the complement of finitely many closed points. Moreover, since
and since T is not a component of v(B ∼ + tL ∼ ) + F , the MMP does not contract T . Let A Y ′ be the pullback of A. By boundedness of the length of extremal rays [17] and by the base point free theorem,
Step 4. Let φ : Y → X be the extremal birational contraction which extracts T (abusing notation, we denote the birational transform of T on Y again by T ). Then the induced map Y Y ′ does not contract any divisor and it is an isomorphism over the complement of finitely many closed points of
Let C be a curve on Y . Assume C is contracted over X, hence it generates the extremal ray of Y → X. Since a(T, X, B) ≥ ǫ > ǫ ′ = a(T, X, B + tL)
Now assume C is not contracted over X. Then Step 5. We claim there is a natural number l depending only on d, r, v such that
is ample. Since a(T, X, B + tL) = ǫ ′ ,
hence for any l we have
Since A d ≤ r and A − B and A − L are ample, we can choose l depending only on d, r, v so that
is nef. On the other hand, by
hence by Step 5,
is ample. Therefore, lA Y − (K Y + (1 − ǫ ′ )T ) is ample by the previous paragraph.
Step 6 . We claim that after replacing l with a bounded multiple, lA Y − (K Y + T ) is ample. By Step 4, µ T φ * tL ≥ ǫ − ǫ ′ . Thus there is a positive number α ≤ is ample. Note that t ≤ r by assumption. In addition, we can make sure
is ample if l is large enough depending only on d, r, v, α. Now replacing l with 3l, we can assume lA Y − (K Y + T ) is ample.
Step 7 so T is a lc place of (X, Λ).
Proof of main results
We apply induction on dimension to prove 1.1, 1.4, 1.6, so assume they all hold in dimension ≤ d − 1. It is easy to verify them in dimension one. Recall that we proved Theorem 1.7 in Section 4.
Proof. (of Theorem 1.6) By assumption, |A − M | R = ∅, so A ∼ R M + N for some N ≥ 0. Thus lct(X, B, |M | R ) ≥ lct(X, B, |M + N | R ) = lct(X, B, |A| R ) so it is enough to give a positive lower bound for the right hand side.
We want to apply Proposition 5.9, so we need to replace X with a Q-factorial one. Since A is very ample and A d ≤ r, X belongs to a bounded family of varieties depending only on d, r. Thus we can pick a resolution φ : W → X so that if Γ is the sum of the exceptional divisors, then (W, Γ) belongs to a bounded family of pairs depending only on d, r. Let X ′ be a minimal model of (W, (1 − ǫ 2 )Γ) over X. Since A, A − B, and K X + B are R-Cartier, K X is Q-Cartier, hence (X, 0) is ǫ-lc. We can write
where E is effective with the same support as Γ. By the negativity lemma, E is contracted over X ′ , hence X ′ → X is just a Q-factorialisation of X. If X is not Q-factorial, then X ′ is not unique but since (W, Γ) belongs to a bounded family of pairs, we can choose X ′ so that it belongs to a bounded family of varieties depending only on d, r. Let K X ′ + B ′ and A ′ be the pullbacks of K X + B and A. We can choose a very ample divisor H ′ on X ′ with bounded H ′d such that H ′ − A ′ is ample. This ensures H ′ − B ′ is ample too as A ′ − B ′ is nef. Now lct(X, B, |A| R ) = lct(X ′ , B ′ , |A ′ | R ) ≥ lct(X ′ , B ′ , |H ′ | R ). Therefore, replacing X, B, A with X ′ , B ′ , H ′ , and replacing r accordingly, we can assume X is Q-factorial. hence it is enough to give a positive lower bound for lct(X, B, |C| R ). Let n, m, ǫ ′ be the numbers given by Proposition 5.9 for the data d, r, ǫ. Pick L ∈ |C| R . Let s be the largest number such that (X, B + sL) is ǫ ′ -lc. It is enough to give a positive lower bound for s. In particular, we can assume s ≤ 1.
There is a prime divisor T on birational models of X such that a(T, X, B + sL) = ǫ ′ . Let x be the generic point of the centre of T on X. Assume x is not a closed point. Then cutting by general elements of |A| and applying induction, there is a positive number v bounded from below away from zero such that (X, B + vL) is lc near x. Then (X, B + (1 − ǫ ′ ǫ )vL) is ǫ ′ -lc near x, by Lemma 2.3, because
In particular, s ≥ (1 − ǫ ′ ǫ )v. Thus we can assume x is a closed point. By Proposition 5.9, there is a Q-divisor Λ ≥ 0 such that nΛ is integral, mA − Λ is ample, (X, Λ) is lc near x, and T is a lc place of (X, Λ). Replacing A, C, L, s with 2mA, 2mC, 2mL, s 2m , respectively, and replacing r accordingly, we can assume A − B − sL and A − Λ are ample. Applying Proposition 5.7 to (X, B + sL), there is a natural number q depending only on d, r, n, ǫ ′ such that if ν : U → X is a resolution so that T is a divisor on U , then µ T ν * L ≤ q. Pick such a resolution.
Finally since a(T, X, B) ≥ ǫ > ǫ ′ = a(T, X, B + sL),
we have µ T ν * sL ≥ ǫ − ǫ ′ which implies s ≥ ǫ−ǫ ′ q , hence s is bounded from below as required. Proof. (of Theorem 1.1) Run an MMP on −K X and let X ′ be the resulting model. Then X ′ is an ǫ-lc weak Fano variety. It is enough to show such X ′ form a bounded family because then there is a bounded natural number n such that K X ′ has a klt n-complement K X ′ + Ω ′ which in turn gives a klt n-complement K X + Ω of K X , hence we can apply [13] . By Theorems 2.10 and 2.13, there is a natural number m depending only on d, ǫ such that | − mK X ′ | defines a birational map and such that K X ′ has an m-complement. Moreover, by Theorem 2.11, vol(−K X ′ ) is bounded from above. Now boundedness of X ′ follows from 
